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1 Claim Number Processes

A stochastic process {Nt}t∈R+ is a claim number process if the following properties hold
for all ω ∈ Ω:
� N0(ω) = 0,
� Nt(ω) ∈ N0 for all t ∈ (0,∞),
� Nt(ω) = infs∈(t,∞) Ns(ω) for all t ∈ R+,
� sups∈[0,t) Ns(ω) ≤ Nt(ω) ≤ sups∈[0,t) Ns(ω) + 1 for all t ∈ R+, and
� supt∈R+ Nt(ω) = ∞.
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2 Homogeneous Poisson Processes

A claim number process {Nt}t∈R+ is a homogeneous Poisson process with parameter
α ∈ (0,∞) if

P

[
m⋂

j=1

{Ntj −Ntj−1 = kj}
]

=

m∏
j=1

e−α(tj−tj−1)
(α(tj−tj−1))

kj

kj!

holds for all m ∈ N, 0 = t0 < t1 < · · · < tm and k1, . . . , km ∈ N0.
2.1 Lemma. For a claim number process {Nt}t∈R+ and α ∈ (0,∞), the following are
equivalent :
(a) {Nt}t∈R+ is a homogeneous Poisson process with parameter α.
(b) The identities

P

[
m⋂

j=1

{Ntj −Ntj−1 = kj}
]

=
nm!∏m
j=1 kj!

m∏
j=1

(
tj − tj−1

tm

)kj

· P [{Ntm = nm}]

and
P [{Ntm = nm}] = e−αtm

(αtm)nm

nm!

hold for all m ∈ N, 0 = t0 < t1 < · · · < tm, k1, . . . , km ∈ N0 and nm =
∑m

j=1 kj.
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3 Mixed Poisson Processes

A claim number process {Nt}t∈R+ is a mixed Poisson process with mixing distribution
Q : B(R) → [0, 1] satisfying Q[(0,∞)] = 1 if

P

[
m⋂

j=1

{Ntj −Ntj−1 = kj}
]

=

∫

(0,∞)

m∏
j=1

e−α(tj−tj−1)
(α(tj−tj−1))

kj

kj!
dQ(α)

holds for all m ∈ N, 0 = t0 < t1 < · · · < tm and k1, . . . , km ∈ N0.
3.1 Lemma. For a claim number process {Nt}t∈R+ and a distribution Q : B(R) → [0, 1]

satisfying Q[(0,∞)] = 1, the following are equivalent :
(a) {Nt}t∈R+ is a mixed Poisson process with mixing distribution Q.
(b) The identities

P

[
m⋂

j=1

{Ntj −Ntj−1 = kj}
]

=
nm!∏m
j=1 kj!

m∏
j=1

(
tj − tj−1

tm

)kj

· P [{Ntm = nm}]

and
P [{Ntm = nm}] =

∫

(0,∞)

e−αtm
(αtm)nm

nm!
dQ(α)

hold for all m ∈ N, 0 = t0 < t1 < · · · < tm, k1, . . . , km ∈ N0 and nm =
∑m

j=1 kj.
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4 The Multinomial Property

A claim number process {Nt}t∈R+ has the multinomial property if the identity

P

[
m⋂

j=1

{Ntj−Ntj−1 = kj}
]

=
nm!∏m
j=1 kj!

m∏
j=1

(
tj − tj−1

tm

)kj

· P [{Ntm = nm}]

holds for all m ∈ N, 0 = t0 < t1 < · · · < tm, k1, . . . , km ∈ N0 and nm =
∑m

j=1 kj.
If P [{Ntm = nm}] > 0, then the previous identity can be written as

P

[
m⋂

j=1

{Ntj−Ntj−1 = kj}
∣∣∣∣∣ {Ntm = nm}

]
=

nm!∏m
j=1 kj!

m∏
j=1

(
tj − tj−1

tm

)kj

which explains the name of the multinomial property.

Claim number processes having the multinomial property are of interest, since their
�nite�dimensional distributions are completely determined by their one�dimensional
distributions.

The multinomial property is suitable for statistical tests.

Problem 1: Characterize all claim number processes having the multinomial property.
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5 Related Properties

A claim number process {Nt}t∈R+ has the binomial property if the identity

P [{Ns = k} ∩ {Nt−Ns = n−k}] =

(
n

k

)(
s

t

)k (
1− s

t

)n−k

· P [{Nt = n}]

holds for all 0 < s < t and k, n ∈ N0 such that k ≤ n.
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A claim number process {Nt}t∈R+ has the Markov property if the identity

P

[
m+1⋂
j=1

{Ntj −Ntj−1 = kj}
]
· P [{Ntm = nm}]

= P

[
m⋂

j=1

{Ntj −Ntj−1 = kj}
]
· P [{Ntm = nm} ∩ {Ntm+1 −Ntm = km+1}]

holds for all m ∈ N, 0 = t0 < t1 < · · · < tm < tm+1, k1, . . . , km, km+1 ∈ N0 and
nm =

∑m
j=1 kj. If P [

⋂m
j=1{Ntj = nj}] > 0, then the previous identity can be written as

P

[
{Ntm+1 = nm+1}

∣∣∣∣∣
m⋂

j=1

{Ntj = nj}
]

= P [{Ntm+1 = nm+1}|{Ntm = nm}]

with nj =
∑j

i=1 ki for all j ∈ {1, . . . , m, m+1}.

5.1 Lemma. For a claim number process {Nt}t∈R+, the following are equivalent :
(a) {Nt}t∈R+ has the multinomial property.
(b) {Nt}t∈R+ has the binomial property and the Markov property.
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A claim number process {Nt}t∈R+ has independent increments if

P

[
m⋂

j=1

{Ntj−Ntj−1 = kj}
]

=

m∏
j=1

P [{Ntj−Ntj−1 = kj}]

holds for all m ∈ N, 0 = t0 < t1 < · · · < tm and k1, . . . , km ∈ N0.

Problem 2: Characterize all claim number processes having the binomial property and
independent increments.

A claim number process {Nt}t∈R+ has stationary increments if

P

[
m⋂

j=1

{Ntj+h−Ntj−1+h = kj}
]

= P

[
m⋂

j=1

{Ntj−Ntj−1 = kj}
]

holds for all m ∈ N, 0 = t0 < t1 < · · · < tm, h ∈ (0,∞) and k1, . . . , km ∈ N0.

5.2 Lemma. Every claim number process having the multinomial property has stationary
increments.
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Mixed
Poisson Process ⇔

⇑

Homogeneous
Poisson Process ⇔

Stationary
Increments

⇑

Multinomial
Property ⇔

⇑

Mult. Prop.
& Mixed Poisson

⇑

Mult. Prop.
& Poisson ⇒

Bin. Prop.
& Markov Prop.

⇑

⇑

Bin. Prop.
& Indep. Incr.
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6 Homogeneous Poisson Processes

6.1 Lemma. If {Nt}t∈R+ is a claim number process having the binomial property,
then

P [{Nt = n}] > 0

and
P [{Nt−Ns = n}] > 0

holds for all s, t ∈ (0,∞) such that s < t and for all n ∈ N0.

6.2 Theorem. For a claim number process {Nt}t∈R+, the following are equivalent:
(a) {Nt}t∈R+ is a homogeneous Poisson process.
(b) {Nt}t∈R+ has the binomial property and independent increments.
(c) {Nt}t∈R+ has the multinomial property and there exists some α ∈ (0,∞) such that

P [{Nt = n}] = e−αt (α t)n

n!

holds for all t ∈ (0,∞) and all n ∈ N0.
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Proof. (c)⇐⇒ (a) =⇒ (b): Straightforward.

(b) =⇒ (a): By assumption, we have

P [{Ns = k}] · P [{Nt−Ns = l}] =

(
k + l

k

)(
s

t

)k (
t− s

t

)l

· P [{Nt = k+l}] (∗)

and Lemma 6.1 yields P [{Nt = n}] > 0 and P [{Nt−Ns = n}] > 0.

Using (∗), we obtain

P [{Ns = n+1}] · P [{Nt−Ns = 0}] =

(
s

t

)n+1

· P [{Nt = n+1}]

P [{Ns = n}] · P [{Nt−Ns = 0}] =

(
s

t

)n

· P [{Nt = n}]

and hence
n + 1

s

P [{Ns = n+1}]
P [{Ns = n}] =

n + 1

t

P [{Nt = n+1}]
P [{Nt = n}]

Thus, the right hand side is independent of t.
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Using (∗) again, we obtain

P [{Ns = n}] · P [{Nt−Ns = 1}] = (n+1)

(
s

t

)n
t− s

t
· P [{Nt = n+1}]

P [{Ns = n}] · P [{Nt−Ns = 0}] =

(
s

t

)n

· P [{Nt = n}]

and hence
1

t− s

P [{Nt−Ns = 1}]
P [{Nt−Ns = 0}] =

n + 1

t

P [{Nt = n+1}]
P [{Nt = n}]

Thus, the right hand side is independent of n.

Therefore,

α :=
n + 1

t

P [{Nt = n+1}]
P [{Nt = n}]

is independent of t and n.
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Since
P [{Nt = n+1}]
P [{Nt = n}] =

α t

n + 1

Nt has the Poisson distribution with parameter αt.

Using (∗) again, it now follows by straightforward calculation that Nt −Ns has the Poisson
distribution with parameter α(t−s). 2
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Mixed
Poisson Process ⇔

⇑

Homogeneous
Poisson Process ⇔

Stationary
Increments

⇑

Multinomial
Property ⇔

⇑

Mult. Prop.
& Mixed Poisson

⇑

Mult. Prop.
& Poisson ⇔

Bin. Prop.
& Markov Prop.

⇑

⇑

Bin. Prop.
& Indep. Incr.
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7 Mixed Poisson Processes

7.1 Lemma. If {Nt}t∈R+ is a claim number process having the binomial property,
then there exists a probability measure Q : B(R) → [0, 1] with Q[(0,∞)] = 1 such that

P [{Nt = n}] =

∫

(0,∞)

e−αt (α t)n

n!
dQ(α)

holds for all t ∈ (0,∞) and all n ∈ N0.
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Proof. For all n ∈ N0, de�ne a map Πn : R+ → [0, 1] by letting
Πn(t) := P [{Nt = n}]

The binomial property yields
Πk(s) = P [{Ns = k}]

=

∞∑

n=k

P [{Ns = k} ∩ {Nt = n}]

=

∞∑

n=k

P [{Ns = k} ∩ {Nt −Ns = n−k}]

=

∞∑

n=k

(
n

k

)(
s

t

)k(
t− s

t

)n−k

P [{Nt = n}]

=

∞∑

n=k

(
n

k

)(
s

t

)k(
t− s

t

)n−k

Πn(t)

In particular, we have

Π0(s) =

∞∑
n=0

(
t− s

t

)n

Πn(t)

Universität und ETH Zürich � Seminar über Stochastische Prozesse � 6. April 2005 16



Klaus D. Schmidt
Lehrstuhl für Versicherungsmathematik @@

@@��

��@@

@@��

��

TECHNISCHE
UNIVERSITÄT
DRESDEN

The power series Π0 is absolutely convergent on [0, 2t] and di�erentiation yields

Π
(k)
0 (s) =

∞∑

n=k

k!

(
n

k

)(
t− s

t

)n−k(
−1

t

)k

Πn(t)

= k!

(
−1

s

)k ∞∑

n=k

(
n

k

)(
s

t

)k(
t− s

t

)n−k

Πn(t)

= k!

(
−1

s

)k

Πk(s)

and hence

Πk(s) = (−1)k
sk

k!
Π

(k)
0 (s)

It follows that the inequality

(−1)k Π
(k)
0 (s) ≥ 0

holds for all s ∈ (0,∞) (which means that Π0 is completely monotone on (0,∞)).
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Since the paths {Nt(ω)}t∈R+ of a claim number process are increasing and right continuous
with N0(ω) = 0, we also have

lim
s→0

Π0(s) = lim
s→0

P [{Ns = 0}]

= sup
s∈(0,∞)

P [{Ns = 0}]

= P

[ ⋃

s∈(0,∞)

{Ns = 0}
]

= P

[{
inf

s∈(0,∞)
Ns = 0

}]

= P [{N0 = 0}]
= 1

Now the theorem of Bernstein and Widder yields the existence of a probability measure
Q : B(R) → [0, 1] with Q[R+] = 1 such that

Π0(s) =

∫

R+

e−αs dQ(α)

holds for all s ∈ R+.

Universität und ETH Zürich � Seminar über Stochastische Prozesse � 6. April 2005 18



Klaus D. Schmidt
Lehrstuhl für Versicherungsmathematik @@

@@��

��@@

@@��

��

TECHNISCHE
UNIVERSITÄT
DRESDEN

Di�erentiation of

Π0(s) =

∫

R+

e−αs dQ(α)

yields

Π
(k)
0 (s) =

∫

R+

(−α)k e−αs dQ(α)

and hence

P [{Nt = k}] = Πk(s)

= (−1)k
sk

k!
Π

(k)
0 (s)

= (−1)k
sk

k!

∫

R+

(−α)k e−αs dQ(α)

=

∫

R+

e−αs (αs)k

k!
dQ(α)

for all s ∈ (0,∞) and all k ∈ N0.
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Finally, since the paths of a claim number process increase to in�nity,

0 = P

[{
sup

s∈(0,∞)

Ns = 0

}]

= P

[ ⋂

s∈(0,∞)

{Ns = 0}
]

= inf
s∈(0,∞)

P [{Ns = 0}]

= inf
s∈(0,∞)

Π0(s)

= inf
s∈(0,∞)

∫

R+

e−αs dQ(α)

≥ Q[{0}]
and hence Q[{0}] = 0. Therefore, we have

Πk(s) =

∫

(0,∞)

e−αs (αs)k

k!
dQ(α)

for all s ∈ (0,∞) and all k ∈ N0. 2
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7.2 Theorem. For a claim number process {Nt}t∈R+, the following are equivalent:
(a) {Nt}t∈R+ is a mixed Poisson process.
(b) {Nt}t∈R+ has the binomial property and the Markov property.
(c) {Nt}t∈R+ has the multinomial property.

Proof. (a) =⇒ (c)⇐⇒ (b): Straightforward.

(c) =⇒ (a): By Lemma 7.1, the multinomial property yields the existence of a probability
measure Q : B(R) → [0, 1] with Q[(0,∞)] = 1 such that

P [{Nt = n}] =

∫

(0,∞)

e−αt (α t)n

n!
dQ(α)

holds for all t ∈ (0,∞) and all n ∈ N0.
Using the multinomial property again, it follows that the claim number process is a mixed
Poisson process. 2

7.3 Corollary. For a claim number process {Nt}t∈R+, the following are equivalent:
(a) {Nt}t∈R+ is a mixed Poisson process with independent increments.
(b) {Nt}t∈R+ is a homogeneous Poisson process.
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Mixed
Poisson Process ⇔

⇑

Homogeneous
Poisson Process ⇔

Stationary
Increments

⇑

Multinomial
Property ⇔

m

Mult. Prop.
& Mixed Poisson

⇑

Mult. Prop.
& Poisson ⇔

Bin. Prop.
& Markov Prop.

⇑

⇑

Bin. Prop.
& Indep. Incr.
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Mixed
Poisson Process ⇔

⇑

Homogeneous
Poisson Process ⇔

Stationary
Increments

⇔

⇑

Multinomial
Property

⇑

Mult. Prop.
& Poisson ⇔

Bin. Prop.
& Markov Prop.

⇑

Bin. Prop.
& Indep. Incr.
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