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1 Claim Number Processes

A stochastic process {N;}+er, is a claim number process if the following properties hold
for all w € €2

NO(UJ) = 0,

Ni(w) € Ny for all t € (0, 00),

Ni(w) = infye(r00) Ns(w) for all t € Ry,

SUPsefo ) Ns(w) < Ny(w) < supgepy Ns(w) + 1 forall £ € Ry, and
super, NVi(w) = oo,
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2 Homogeneous Poisson Processes

A claim number process {/V; }1er, is a homogeneous Poisson process with parameter
a € (0,00) if

P

J J1— | | .

j=1
holds forallm e N, 0=ty <t; < --- <t, and ky,...,k, € Njy.

J=1

2.1 Lemma. For a claim number process {Ni}er, and o € (0,00), the following are
equivalent:

(a) {Nt}t€R+ 15 a homogeneous Poisson process with parameter a.
(b) The identities

m m k.
| ti—t  \"
P ﬂ{th =Ny, = kj}] — W H(%) - P{N,, = nmn }]
j=1 J=170" =1 m
and L
P{N,, = np}] = e (atm)" m)'
M|
hold for allm e N, 0=ty <t; < -+ <tm, k1,...,kn € No andnmzzgnzlkj.
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3 Mixed Poisson Processes

A claim number process {/V; }ser, is a mixed Poisson process with mixing distribution

Q : B(R) — [0, 1] satisfying Q[(0,00)] = 1 if

P Q{th—zvtj_l ] /0 H e (ol kt, D 10(0)

holdsforallmEN,O:to<t1<---<tmandk1,...,kmEN0.

3.1 Lemma. For a claim number process { Ni}ier, and a distribution Q) : B(R) — [0, 1]
satisfying Q[(0,00)] = 1, the following are equivalent:

(a) {Nt}t€R+ 15 a mixzed Poisson process with mizing distribution ().

(b) The identities

" ny! e (i — i\
P ﬂ{th o th—l - lfj}] - W H(jt—]l) - P{N, = i ]
j=1 7=

J=10" m
and ;
PN, =] = [ e 2 ggpa)
(0.00) o
hold for allm e N, 0=ty <t; < -+ <tm, k1,...,kn € No andnmzzgnzlkj.
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4 The Multinomial Property

A claim number process {/V; };er, has the multinomial property if the identity

" N v [t — i\
ﬂ{th_th—l - k]}] - W H(%) - P{Ni,, = i}
j=1 J=1700 5= m

holdsforallm e N, 0=ty < t1 < -++ <ty k1,...,kn € Ng and nm:ZTzlkj.
If P[{N;,, = n,}| > 0, then the previous identity can be written as

m m k.
N t:i—ti_1\"’
(Ny.— Ny =k} | {N, =np}| = =" (¥>

which explains the name of the multinomial property.

P

P

Claim number processes having the multinomial property are of interest, since their
finite—dimensional distributions are completely determined by their one-dimensional
distributions.

The multinomial property is suitable for statistical tests.

Problem 1: Characterize all claim number processes having the multinomial property.
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5 Related Properties

A claim number process {/V; }ser, has the binomial property if the identity

t t
holds for all 0 < s < t and k,n € Ny such that k£ < n.

PUN, =k} N {N,—N, = n—k}] = (Z) (f)k (1 - f)nk . P[{N, = n}]
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A claim number process {/V; };er, has the Markov property if the identity

m—+1

P ﬂ {th - th—1 - kj}
j=1

- P[{N,, = 1}

=P ﬂ{NL‘j - th_1 - kj} ' P[{Ntm - nm} A {Ntm+1 — N, = km—H}]
j=1
holdsforallm e N, 0=ty <t1 < --- <ty <tmit, k1,..., km, kmi1 € Ny and

Ny = Y51 kj. If P[(;_ {N; = n;}] > 0, then the previous identity can be written as

P

{Ntm—i—l — nm“‘l} - P[{Ntm—i—l — nm+1}|{Ntm - nm}]

ﬂ{th = nj}
j=1
with n; = g:l k; for all j € {1,...,m,m+1}.

5.1 Lemma. For a claim number process {N¢}ier.,, the following are equivalent:
(a) {Ni}ier, has the multinomial property.
(b) {Niter, has the binomial property and the Markov property.
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A claim number process {/V; };er., has independent increments if

P

ﬂ{th_th—l - kj}] = HP[{th_th—l - kj}]
j=1 j=1
holds forallm e N, 0=ty <t; < --- <t, and ky,...,k, € Ny.

Problem 2: Characterize all claim number processes having the binomial property and
independent increments.

A claim number process {/V; };er, has stationary increments if
P ﬂ{th+h_th_1—|-h — k]}

—p lﬁ{th_Nt“ - kj}]

holds forallm e N, 0 =ty <t; < -+ < ty, h € (0,00) and ky, ..., k, € Np.

5.2 Lemma. Fvery claim number process having the multinomial property has stationary
imerements.
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Stationary
Increments

i

Multinomial Bin. Prop.
Property & Markov Prop.

i i

Mixed Mult. Prop.
Poisson Process & Mixed Poisson

i i i

Homogeneous Mult. Prop. Bin. Prop.
Poisson Process & Poisson & Indep. Incr.
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6 Homogeneous Poisson Processes

6.1 Lemma. If {N;}ier, is a claim number process having the binomial property,
then

PN, =n}] > 0
and
P{N,~N,=n}] > 0
holds for all s,t € (0,00) such that s <t and for all n € Ny.

6.2 Theorem. For a claim number process {Ni}er, , the following are equivalent:
(a) {DNitter, @s a homogeneous Poisson process.

(b) {Niter, has the binomial property and independent increments.

(¢) {Ni}ier, has the multinomial property and there exists some o € (0,00) such that

(at)"
n!

PN =n}] = e

holds for all t € (0,00) and all n € Ny.
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Proof. (c) <= (a) = (b): Straightforward.

(b) = (a): By assumption, we have

PN = 1) PN =) = () (f)k(t‘s)l-P[{Nt—kH}] (¥

t t
and Lemma 6.1 yields P[{N; =n}] > 0 and P[{N;—Ns; =n}] > 0.

Using (), we obtain

PN, = n+1)] - PIV-N. = 0)] = (

)nﬂ P{N, = n+1}]
) - Pl = n)

PN, = )] PN -5 = 0}] = (

and hence
n+1 P{N;=n+1}] n+1 P{N; =n+1}]

s P{{N,=n}]  t PN =n}]
Thus, the right hand side is independent of ¢.
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Using () again, we obtain

PN, = )] PUN N, = 1)] = (n41)(3) 52 PN = 1)

PUN. = n}]- PUN—N, = 0}] () PN, = )]

and hence
1 PH{N;—N; =1} n+1 P{N; =n+1}]

t —s P{N;—Ns; = 0}] t P{N; =n}]
Thus, the right hand side is independent of n.

Therefore,

4+ 1PN, =n+1}]
-t P{{N,=n}]

is independent of ¢ and n.
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Since
P{N; =n+1}] at

P{N,=n}]  n+1

N; has the Poisson distribution with parameter at.

Using (*) again, it now follows by straightforward calculation that N; — N has the Poisson

distribution with parameter a(t—s).

[
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Stationary
Increments

i

Multinomial Bin. Prop.
Property & Markov Prop.

i i

Mixed Mult. Prop.
Poisson Process & Mixed Poisson

i i i

Homogeneous Mult. Prop. Bin. Prop.
Poisson Process & Poisson & Indep. Incr.
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7 Mixed Poisson Processes

7.1 Lemma. [f {N:}ier, is a claim number process having the binomial property,

then there exists a probability measure @ : B(R) — [0, 1] with Q[(0,00)] = 1 such that
t n
Piv =] = [ e g

(0,00)

holds for all t € (0,00) and all n € Ny.
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Proof. For all n € Ny, define a map II,, : Ry — [0, 1] by letting
() = PN, =n}
The binomial property yields
i(s) = PN, = k}]

_ ip[{zvs =k} N{N, — N, = n—k}]

() (5) reven

In particular, we have
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The power series Il is absolutely convergent on [0, 2¢] and differentiation yields

- S0 () ()

and hence

It follows that the inequality

holds for all s € (0, 00) (which means that 1 is completely monotone on (0, 00)).
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Since the paths {Vy(w)}ier, of a claim number process are increasing and right continuous
with Ny(w) = 0, we also have

lim Iy(s) = lim P[{Ns = 0}]

5—0 5—0
= sup P[{N;=0}]
s€(0,00)

=r| {NS—O}]
| s€(0,00)

= P { inf NS—O}]
| 5€(0,00)

= P[{No = 0}]

=1

Now the theorem of Bernstein and Widder yields the existence of a probability measure

Q : B(R) — |0,1] with Q[R] = 1 such that

o(s) = [ e Q)
Ry
holds for all s € R.
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Differentiation of

yields

and hence

for all s € (0,00) and all k& € Ny.
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Finally, since the paths of a claim number process increase to infinity,

0 =P sup Ny =10
i s€(0,00)

Vs

Vo

= P| (] {N. =0}

| s€(0,00) i

= inf P[{N,;=0}]

s€(0,00)

= inf HQ(S)

s€(0,00)

~ inf /R Qo)

s€(0,00)
> Q[{0}]
and hence Q[{0}] = 0. Therefore, we have
(as)"

) = [ e G dgto)

for all s € (0,00) and all & € Ny. O
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7.2 Theorem. For a claim number process {Ni}ier, , the following are equivalent:
(a) {Niter, s a mized Poisson process.

(b) {Ni}ier, has the binomial property and the Markov property.

(c) {Niter, has the multinomial property.

Proof. (a) = (c) <= (b): Straightforward.

(c) = (a): By Lemma 7.1, the multinomial property yields the existence of a probability
measure @ : B(R) — [0, 1] with Q[(0, 00)] = 1 such that

t n
Piv=n = [ e a0
(0,00) n:
holds for all ¢ € (0,00) and all n € N.
Using the multinomial property again, it follows that the claim number process is a mixed

Poisson process. O

7.3 Corollary. For a claim number process { Ni}ier.,, the following are equivalent:
(a) {DNiter, is a mized Poisson process with independent increments.
(b) {Ni}ier, is a homogeneous Poisson process.
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Stationary
Increments

i

Multinomial Bin. Prop.
Property & Markov Prop.

) 0

Mixed Mult. Prop.
Poisson Process & Mixed Poisson

i i i

Homogeneous Mult. Prop. Bin. Prop.
Poisson Process & Poisson & Indep. Incr.
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Stationary
Increments

i

Mixed Multinomial Bin. Prop.
Poisson Process Property & Markov Prop.

i i i

Homogeneous Mult. Prop. Bin. Prop.
Poisson Process & Poisson & Indep. Incr.
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