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Problem 1

Can one express exponentiation
f(x;y):= x¥

as composition of addition and multiplication
g+ (X;y) == x+y; g(xy):=xy

f?

(X;y 2 N+)
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Problem 2

Can one represerdveryBoolean function
f:fo; 19" ' f 0;1g

as composition of the function
t(X;y;z) := if x = ythen zelsex

(where substituting constants is allowed)

f?
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Problem 3
Let

A:=10;1;2; 39
G:=fe;gg:=1(0);(03(12g S4 (permutation group)
L:=f o, ; % 1g (lattice of equivalence relations oh)

0) 1
0 0. 1 trivial equivalence relations
2 3
Does there exists an algebra _
A = PA: Fi
such that

G = Aut A (automorphism group)
L = ConA (congruence lattice)

TECHNISCHE
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Some problems

Problem 4

How to recognize whether

Aut 1 Aut (*)
for graphs 1 =(V;E1), 2=(V;E) ?
e.g.
1 2 1 2
38 3 38 3
1= - 2
7 4 ! 4
6 5 6 5

TECHNISCHE
UNIVERSITAT

How to constructall graphs » = (V; Ep) satisfying (*) ? DRESDEN
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Problem 5

What can be said about the computational complexity of

Constraint Satisfaction Problems (CSP)

set of ( nitary) relations on adomainD.
General (algebraic) de nition of CSP:

CSH ) .= set of problems of the form

Does there exist a relational homomorphism

(V;) ! (D; 9

(between relational systems of the same type) whefe  ?

Special CSP:
GRAPH COLORABILITY GRAPH ISOMORPHISM
SATISFIABILITY (SAT) Eﬁ‘f&"‘déﬁ'ﬁ%

DRESDEN
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Galols connections

The Galois connection induced by a binary relation

R G M

IS given by the pair of mappings

' CP(G)! P(M): X 7! XO:

fm2 M |8g 2 X :gRnyg
P(M)! P(G):Y T7IY?:

fg2 Gj8m2Y :gRng

A Galois connectiolf’; ) Is characterizable by the property

Y (X)0 (Y) X
forall X G,Y M.

TECHNISCHE
UNIVERSITAT
DRESDEN
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Formal concept analysis
In Formal Concept AnalysisR(dolf Wille(  1970)),

(G;M;R)

IS calledformal context
(g 2 G objects(Gegenstande)m 2 M attributes (Merkmale))

Concepts(X:;Y) (de ned by the propertyY = X%andX = Y9
have two components@alois closurgs extent X andintent Y
(dyadic viewy

(each component completely determines the ojher

e.g. dyadic view to sets:

G:.=1123,4,5,6;7,8;9;,10g (given universe)
A = 11;3;5; 7,99 (de nition by extent)
A:=1fn2 Gjnis odd (de nition by properties (intent)@{,ﬁ?&".{éﬁ'i%

DRESDEN
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The most basic Galois connection in algebra
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Notation

Notation f preserve$b

O oo

—h
-

¢ Rudolf Will
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THE Galois connection Polnv

iInduced by the relatiohfunctionf preserveselation %: f.%

>.

F  Op(A) (set of all nitary operationsf : A" I A)
Q RelA) (set of all nitary relations% A™)

( objects)
( attributes)

InVF .= %2 R J8f 2 F :f . %
PolQ = ff 2 Op(A) ] 8%2 Q : f . %g

Invariant relations
polymorphisms

Completeness CSP Open problems
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Subalgebras, Congruences, Auto-(Homo-)morphisn
Special examples for preservation property

Subalgebras% A™):
% h A;FI™ () F. %

Congruences (2 Eg(A) equivalence relation):
2 ComA; Fi () F.

Automorphisms ( 2 Sp permutation):
2 AUthA; Fi () F. ( =1 (X)) ]x2Ag)

HomomorphismsH{: A" ! A, A := bA;Fi):
h2 Hom(A™ A) ( F.h h. F
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Main Theorem

Theorem (Characterization of Galois closed elements (concepts))
A = PA;FiI nite algebra.
Clo(A) = hFi = PolInvF (clone generated by F?,

m-LocF = Pol Iny™ F (m-locally closectlones, clones with
m-interpolation property,

[Q] = Inv PolQ (relational clone generated by Q).

A = PA;Fi (arbitrary) algebra

LocCldA) = Lod¥i = PolinvF (locally closed clone
generated by F)

lLev Arkadevic Kalutnin,Lev Arkadeviq Kalu nin
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De nition of a clone (of operations)

A setF of nitary functionsf : A"! A (on a base sef) is called
cloné, if

F contains allprojections(e”(X1;:::;Xn) = Xi)
F is closed under compositidn.e., if f;g1;:::;00 2 F
(f n-ary, g m-ary), then

flg; i on] 2 F

flo1; i 0n](Xes it Xm) i= F(ge(Xes:iiXm); i 0n(Xe; 005 Xm))
For arbitraryF, hFi or HFigpa) (clone generated by Hs the least
clone containing-.

Axiomatizing composition  notion of abstract clone
T. Evans, W. Tayloy...( 1979),

9 Cayley-like representation for abstract clonésby concrete clones: e.qg.
A. Sangalli(1988): C = PolM for someM  A”.

2P.M. Cohn (1965) attributes the notion to Ph. Hall
3K. Menger (1961) composition = operation par exellence
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Answer to Problem 1

Can one express exponentiation
fOoGy) = x7

as composition of addition and multiplication
g+(X;y)=x+y;, g((xy)=xy

?
(X;y 2 N+)

Problem:f 2 hg:;gi ?
Answer:No.

Proof. Idea: Find %2 RelA)
such thatg: .% g . %

but not f . 9,

because this would contradict

tof 2hgs;gl
thm Pol Inv 0+,90,
lL.e.f . InMfg+;00.

Take %:= f(x;xY% 2 N2 j 3 dividesx x4

%is invariant forg. ; g, but not for f :

f(B)= 2=
f(21) = 2! =

2 %

620



aa

Some problems THE Galois connection Clones and algebras The lattice of clones  Completeness CSP Open problems
00000 000000000e00000 000 o 00 o o

De nition of a relational clone

using the language of PAL me-ary relation%as relation graph:
(Peircean Algebraic Logjic 1 3
C.S.Peircel890. . .,

R.W. Burch 1991,

F. Dau 2000+... m




aa

Some problems THE Galois connection Clones and algebras The lattice of clones  Completeness CSP Open problems
00000 000000000e00000 000 o 00 o o

De nition of a relational clone

using the language of PAL interpretationJ Kof a relation graph

(Peircean Algebraic Logic (evaluate edges by elements &)
C.S.Peircel890.. .,

R.W. Burch1991,
F. Dau 2000+. ..
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De nition of a relational clone

using the language of PAL me-ary relation%as relation graph:
(Peircean Algebraic Logjic 1 3
C.S.Peircel890. . .,

1/2

R.W. Burch1991, 3
F. Dau 2000+. .. M0
Q Ra relational algebra (clone)|) closed w.r.t.:
1 2
2) 2 a1 Mt2 \d2 /3
). ¢ 1\ 1 1
( )\1|2{ (3) \\12{ 3 \1|2{ m 2 m ,{
-8 my Mi;  my+ m, My; '
m . 1 | 1 2 112 J
( ) " I\ . \ N : J""l\.y
(1) | my+ | ] 1
permuting coordinates direct product connecting with deletion

1

Q contains theteridentity ids ;= f(X;X;X) ] X 2 Ag
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logical operations and relational algebras (clones)

other characterization of relational clones and Galois closures

"' (X1;:::;Xm) rst order formula containing quantifyers and connective$rom
only (with relation symbols%;:::;% and free variables;:::; Xm ).

Q relational algebral) Q closed w.r.t. Lop(9;™;=)g
Galois connection Inv Pol
Theorem:[Q]ra = Inv PoIQ

Q weak Krasner algebrd) Q closed w.r.t. Lop(9;™; _;=)g
Galois connection Inv End
Theorem:[Q]wka = InvENdQ

Q Krasner algebral() Q closed w.r.t. Lop(9;™;_;::;=)9d
Galois connection Inv Aut
Theorem:[Q]ka = InvAutQ
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Answer to Problem 3

L Problem 3 Problem:

A:=10;1;2;3g (*) 9F G —- AUt F, L - COHF 7

G :=fe;gg:= f(0);(03)(12g Ss (permutation group)

Li=f ¢ ; ¢ 19 (lattice of equivalence relations oh) Answer NO.

01:110 o; 1 trivial equivalence relations PrOOf
Does tﬁere exists a?r)l alg'eat)ri A Fi (*) 0 F . Q : f g 1 1 Cb
such that | w.l.o.g. F = PolQ. Then

L Conn (congroente sy INVE = InvPolQ =1hm: [Qlra
? and we have:

G =(AutF) = S,\ InvF = S,\ [Q]ra
L= ConF = Eq(A)\ InvF = Eq(A)\ [Qlra ¢y
in contradiction to9h 2 S, \ [Q]ra : h 62G 0
namelyh =L (; %g)

Z—y"Y
:f(x;y)ZAzj?z:x zA{ngyAxc¥g g

i.e. h=(02)(13) 62G
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Answer to Problem 4

mmmmmmmmmmmm

Problem 4

How to recognize whether

Aut ; Aut , (*)
for graphs 1 = (V;E1), 2=(V;E) 7
e.g.
1 2 1 2
8 3 8 3
1= =2
7 4 7 4

6 5 6 5
How to constructall graphs » = (V; Ey) satisfying (*) ?

General answer:

Concrete answer for examp
YES!
E> :(E]_ El) n v, l.e.
Eo=L (Ey)= f(x;y)]9z:
T(Elz N zE]{)é’\: (X= y;g

=) Aut ; Aut ».

Aut 1= AutE; Autk, = Aut »
0 Inv AutE; Inv AutEs
0 [Eilka  [Ezlka (by Theorem)
0 9 rst order formula' 2 ( 9;™; ;:;=): Ex = L (Ey)
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Specializing and generalizing the Galois connéctionnv

E Op(A), R RelA) ! Galois connection given by contextE;R;.):
instead of PolQ Inv F
now: (E\ PolQ) (R\ InvF)

aa
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Specializing and generalizikg Inv (continued)

From point of relational clones there
are many further Galois connections
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Clones and algebras
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clones of term operations, free algebras, varieties

Main source of clones: Take algebta= bA; (f;)i2I
clone of term operationgF = ff; j1 2 1g)
T (A) = ft? jt term for signatureAg = hFigpa)

clone of a varietyv: T (Fy (@®)) (clone of free algebra)

Theorem
V = Var(A). Free algebra with n generators algebra of n-ary

term operations:
Fv(n) = Ta(A)= bef;:ii;efipan AR

n

Remark:%2 INVMF (0 % AMi.e. %2 Sub(A")
HSP-Tiy 1)E - R i i~ i
B 2 Var(A) ?)p %2 Invi' ) F : B is homomorphic image of
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Clones and algebras
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Dyadicview to (classes of) algebras

Question: Under which conditions algebras of a cl&&ge.g.
variety) are determined by them-ary invariant relations?
A= PA R A= A1 2K,

IV F = IndVF, =) A= A, 20rT(A)) = T(Ay) ?

Examples

K := abelian groups:

IV F = IndF, =) A= A,

K := groups with abelian Sylow subgroups:

IV FL= InF, =) T(A) = T(AY)

(K. Kearnes, A. Szendr@005)

K := entropic algebras (i.e- . F ) with weak unit:
IV F = In®F, =) T(A;) = T(A,) = T(monoid
(D. Mazulovi¢, R. Posche2007)
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Algebras with few subpowers

J. Berman, P. Idziak, P. Markovi¢, R. McKenzie, M. Valeriote, R.
Willard, Varieties with few subalgebras of powers. (2006)

A = PA; Fi algebra with few subpowers)
sa(n) := logj In™ Fj can be bounded by a polynomial

Theorem

A nite algebra A has few subpowers if and only if for some IO,
A has a k-edge term (thenasis bounded by a polynomial of
degree k).

close connections to CSP (later)
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The lattice of clones

(0]6)6)

Clones and algebras The lattice of clones
o

Outline

(0]

Completeness CSP Open problems
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The latticeL o of clones oA

The lattice Lo of all clones on base sét= fO0; 1g is countable
(E.L.P0st1921/41)

. ;
i

<

N XC T

A
o\ LB
\

v'
W/

)v
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The lattice of clones
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The latticeL o of clones oA

JA] > 2: The lattice of all clones on base s&tis uncountable
iLaj= 2@ for 3 j Aj2 N, andjL oj = 22” for in nite A

The lattice L o satis es no nontrivial lattice identities
(A. Bulatov 1992,...)

every algebraic lattice (with at most”? compact elements) is
(isomorphic to) a complete sublattice &f5 (M. Pinskel)

atomic and coatomic for niteA,
but not for in nite A (M. Goldstern, Shelal2002)

L o can be partinioned imonoidal intervalgclones with the same
unary part)
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The latticeL o of clones oA

dyadic view

RelA)
maximal clone

nvF°
Pol Inv

minimal clones

J(A) D(A)
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The latticeL o of clones oA

Maximal clones:

JA] = 2: E.L. Post

jAj = 3: S.V. Jablonski(1958)
JA]j = 4: A.l. Mal'cev( 1969)
JA] 2 N: |.G. Rosenber@l970)
maximal clone (of form Pol%, i 2 1)

jAj innite: |.G. Rosenberg,
L. Heindorf, M. Goldstern, M.
0l QP Pinskef, ...

submaximal clonesD. Lau
maximal cloneC where

C\ Sym(A) is maximal permu-
tation group in SynfA):

P.P. Palfy (2007)

minimal clones
J(A)

2Goldstern/Pinsker, A survey
of clones on in nite sets. 2007

aa
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J(A)

Clones and algebras The lattice of clones
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The latticeL o of clones oA

minimal clones

Minimal clones: complete de-
scription stillopen problem

JA] = 2: E.L. Post(1920/41)

jAj = 3: B. Csakany(1983)
classi cation: [|.G. Rosenberg
(1983)

further partial results:G. Czedli,
A. Szendrei, K. Kearnes, P.P.
Palfy, L. Szabo, B. Szszepara, T.
Waldhausetr,...

essentially minimal clonest.G.
Rosenberg, H. Machida, ...

Completeness CSP Open problems
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Completeness and maximal clones

F Op(A) complete: ) h  Figpa) = Op(A)
(l.e., the algebraA; Fi isprimal, =) A nite)

Completeness Theorem:

Fi = Op(A) 0 F is n_ot contained In
a maximal clone
m m
InvF does not con:
InVFE = Da tain a minimal rela;
tional clone
% Z InvF for every
0 minimal relational 0 81 2 19f 2 F : fj 6%

clone[%]ra (1 2 1)
maximal clones are of the form P& (i 2 1)
for relations % described byl. Rosenberg
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Answer to Problem 2

Problem 2: Can one rep{ | F = ft;co;, c1g complete ?
resent every Boolean function|  ApnswerYes.

f:f0;19" !'f 0;1g . _
as composition of the function direct proof:

t(x;y;z) ;= if x = ythen zelsex XMy = t(x;1yy)
(where substituting constants is x = t(0;x;1) O
allowed)?

Proof using the general completeness criterion:

5 maximal clones in p0; 1g9): Pol% 12f0;1;2;3;49g

% :=f0g; % :=flg, % :=f(x;y)jx Yo

%= f(Xy)jx=:1yg %:=f(X;y;z;u)jx y=2z ug
F:=ft;cy;c106%: €16 %y, Co6 Y%y, Cob Y3, 16 %p; .

tO 0 1) = 1
tO 0 1) = 1 tO 1 0 = 0
tO 1 1) = 0 tO 1 1) = 0
20 2% 2% 20 t(0 0 0O = 0

2% 2% 2% Z %
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Computational complexity of CSP (cf. Problem 5)

Theorem @. Jeavonsl998). 1; 2 RelA) nite.

CSH 1) can be reduced to C3P>) in poly-
nomial time.

1 InvPol o =)

ess

ooooo

. ~in particular
roblem 5
What can be said .about th-e comp-utational complexity of Com pl (CS R )) — Com pI (CS R[ ] RA))
Constraint Satisfaction Problems (CSP) dependSDnly on the Clone POI .

set of (nitary) relations on adomainD.
General (algel))/raic) de nition of CSP: Iarge I Sma” POI
CSR)) := set of problems of the form :) P ro ble m .

Does there exist a relational homomorphism )

(between relational sg/\;t;e?ns! of(t[;;e s(?ame type) whefe 2 CIaSSIfy m I n I mal Cl O n eS F y for Wh ICh

Special CSP: CSKInvF) is tractable?

GRAPH COLORABILITY, GRAPH ISOMORPHISM,

SATISFIABILITY (SAT) Jeavons, Bulatov, Krokhin, ...
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Computational complexity of CSP (cf. Problem 5)

Theorem @. Jeavonsl998). 1; 2 RelA) nite.

CSKH 1) can be reduced to C3P>) in poly-
nomial time.

1 Inv Pol 2 :)

o =onoo.. . another (algebraic) approach:
Problem 5 P. Idziak, P. Markovi¢, R. McKenzie, M.

ooooe 000000000000

What can be said about the computational complexity of - . .y
Constraint Satisfaction Problems (CSP) Vale rIOt.e_’ R ’ .V\_ll ”ard TraCtabIIIty and.
set of  nitary) relations on adomainD. learnability arising from algebras with
General (algebraic) de nition of CSP: feW SU bp OWG rs . (2007)

CSK)) := set of problems of the form

Does there exist a relational homomorphism

w9 Theorem
(between relational systems of the same type) whefe 2 . . .
S For a nite algebraA = PA; Fi with
SRTGHABILITY (GaT) |t (SOMORPHISM, few subpowersCSHInvF) is globally
tractable.
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Open problems
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to be investigated:

modi ed Galois connections (change objects and attributes )
clone lattice (e.g. minimal clones, intervals, ...)

dyadic view to algebraic constructions:
Inv(constructior{F;)i>;) = which constructioQinvF;);», ?
Pol(constructior{Q;)i2;) = which constructioPolQ;)i2; ?
e.g. relational view to tame congruence theory

algorithmic problems (e.d. . %, free algebras, CSP)
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50+25 ArbeitstagundAllgemeinélgebra with Rudolf Wille
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Congratulation

Dear Rudolf, on behalf of all
participants and the whole
AAA-community many
thanks for all what you did for
the development of algebra,
congratulations to your70th
birthday today; good health
and further success and all
the best for the future.
Lieber Rudolf, im Namen aller Tagungsteilnehmer und der ganzen
AAA-Community sage ich Dir Dank fur alles, was Du flr die
Entwicklung der Algebra getan hast, gratuliere ganz herzlich zu
Deinem heutigery0. Geburtstagund wunsche Dir Gesundheit,
Scha enskraft und alles Gute fur die nachstanlahre(n 2 N)
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/0 yearsRudolf Wille= (50+25 AAA
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THE book of Formal Concept Analysis
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Some books about clones

R. Poschel
L.A. Kalu°nin (1979)

A. Szendre(1986)

D. Lau (2006)



