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Problem 1

Can one express exponentiation

f (x; y) := xy

as composition of addition and multiplication

g+ (x; y) := x + y; g�(x; y) := x � y

?
(x; y 2 N+ )
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Problem 2

Can one representeveryBoolean function

f : f 0; 1gn ! f 0; 1g

as composition of the function

t (x; y; z) := if x = ythen zelsex

(where substituting constants is allowed)

?
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Problem 3
Let

A := f 0; 1; 2; 3g

G := f e; gg := f (0); (03)(12)g � S4 (permutation group)

L := f � 0; � ; � 0; � 1g (lattice of equivalence relations onA)

� 0

�0

32

1

� 0; � 1 trivial equivalence relations

Does there exists an algebra
A = hA; Fi

such that

G = Aut A (automorphism group)

L = ConA (congruence lattice)

?
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Problem 4

How to recognize whether

Aut � 1 � Aut � 2 (*)

for graphs� 1 = ( V ; E1), � 2 = ( V ; E2) ?
e.g.

7

2

56

8 3

4

1

7

2

56

8 3

4

1

= � 2� 1 =

How to constructall graphs� 2 = ( V ; E2) satisfying (*) ?
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Problem 5

What can be said about the computational complexity of

Constraint Satisfaction Problems (CSP)

� set of (�nitary) relations on adomainD.

General (algebraic) de�nition of CSP:

CSP(�) := set of problems of the form

Does there exist a relational homomorphism
(V ; �) ! (D; � 0)

(between relational systems of the same type) where� 0 � � ?

Special CSP:
GRAPH COLORABILITY, GRAPH ISOMORPHISM,
SATISFIABILITY (SAT)
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Galois connections

The Galois connection induced by a binary relation

R � G � M

is given by the pair of mappings

' : P (G) ! P (M) : X 7! X 0 := f m 2 M j 8g 2 X : gRmg

 : P (M) ! P (G) : Y 7! Y 0 := f g 2 G j 8m 2 Y : gRmg

A Galois connection(';  ) is characterizable by the property

Y � ' (X ) ()  (Y ) � X

for all X � G, Y � M.
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Formal concept analysis
In Formal Concept Analysis (Rudolf Wille(� 1970)),

(G; M; R)

is calledformal context.
(g 2 G objects(Gegenstände),m 2 M attributes (Merkmale))

FCA book

Concepts(X ; Y ) (de�ned by the propertyY = X 0 and X = Y 0)
have two components (Galois closures) : extent X and intent Y
(dyadic view)
(each component completely determines the other)
e.g. dyadic view to sets:

G := f 1; 2; 3; 4; 5; 6; 7; 8; 9; 10g (given �universe�)

A := f 1; 3; 5; 7; 9g (de�nition by extent)

A := f n 2 G j n is oddg (de�nition by properties (intent))
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The �most basic Galois connection� in algebra
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Notation

Notation f preserves%:

c
 Rudolf Wille

r f
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THE Galois connection Pol� Inv
induced by the relationfunction f preservesrelation %: f . %

2 %)2 % 2 % 2 %: : :
f (

f ( ) =
) =

) =am1

a21 a22

am2

a2n

amn

a12 a1na11

: : :
: : :

: : :

f (

F � Op(A) (set of all �nitary operationsf : An ! A) (�objects�)
Q � Rel(A) (set of all �nitary relations%� Am) (�attributes�)

InvF := f %2 RA j 8f 2 F : f . %g invariant relations

PolQ := f f 2 Op(A) j 8%2 Q : f . %g polymorphisms
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Subalgebras, Congruences, Auto-(Homo-)morphisms

Special examples for preservation property. :

� Subalgebras (%� Am):
%� h A; Fi m () F . %

� Congruences (� 2 Eq(A) equivalence relation):
� 2 ConhA; Fi () F . �

� Automorphisms (� 2 SA permutation):
� 2 AuthA; Fi () F . � � (� � := f (x; � (x)) j x 2 Ag)

� Homomorphisms (h : An ! A, A := hA; Fi ):
h 2 Hom(An; A) () F . h� () h . F �
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Main Theorem

Theorem (Characterization of Galois closed elements (concepts))

A = hA; Fi �nite algebra.

� Clo(A) = hFi = Pol InvF (clone generated by F)1,

� m-LocF = Pol Inv(m) F (m-locally closedclones, clones with
m-interpolation property),

� [Q] = Inv PolQ (relational clone generated by Q).

A = hA; Fi (arbitrary) algebra

� Loc Clo(A ) = LochFi = Pol InvF (locally closed clone
generated by F)

1Lev Arkadevic Kaluºnin,Lev Arkadeviq Kalu�nin
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De�nition of a clone (of operations)

A set F of �nitary functions f : An ! A (on a base setA) is called
clone2, if

� F contains allprojections(en
i (x1; : : : ; xn) = xi )

� F is closed under composition3 i.e., if f ; g1; : : : ; gn 2 F
(f n-ary, gi m-ary), then

f [g1; : : : ; gn] 2 F .

f [g1; : : : ; gn ](x1; : : : ; xm ) := f (g1(x1; : : : ; xm ); : : : ; gn (x1; : : : ; xm )) clone books

For arbitraryF, hFi or hFi Op(A) (clone generated by F) is the least
clone containingF.

Axiomatizing composition�! notion of abstract clone
T. Evans, W. Taylor, . . . (� 1979),
9 Cayley-like representation for abstract clonesC by concrete clones: e.g.
A. Sangalli(1988): C �= PolM � for someM � AA .

2P.M. Cohn (1965) attributes the notion to Ph. Hall
3K. Menger (1961) composition = operation par exellence
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Answer to Problem 1

Can one express exponentiation

f (x ; y ) := x y

as composition of addition and multiplication

g+ (x ; y ) := x + y ; g� (x ; y ) := x � y

?
(x ; y 2 N+ )

Problem: f 2 hg+ ; g� i ?
Answer:No.
Proof: Idea: Find %2 Rel(A)
such thatg+ . %, g� . %
but not f . %,
because this would contradict
to f 2 hg+ ; g� i

� Thm Pol Invf g+ ; g�g,
i.e. f . Invf g+ ; g�g.

Take %:= f (x; x0) 2 N2
+ j 3 dividesx � x0g

%is invariant forg+ ; g�, but not for f :

f (2; 4) = 24 = 16
f (2; 1) = 21 = 2

2 % 62%
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De�nition of a relational clone
using the language of PAL
(Peircean Algebraic Logic)
C.S.Peirce1890. . . ,
R.W. Burch1991,
F. Dau 2000+. . .

m-ary relation%as relation graph:
2

3

%m

1
3

m

1
2

Q � RA relational algebra (clone): () closed w.r.t.:
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De�nition of a relational clone
using the language of PAL
(Peircean Algebraic Logic)
C.S.Peirce1890. . . ,
R.W. Burch1991,
F. Dau 2000+. . .

interpretationJ� Kof a relation graph�
(evaluate edges by elements ofA)

a2 a3

%m

1
3

am

a1

2

J� K:= f (a1; : : : ; an) j (a1; : : : ; an) 2 %g
Q � RA relational algebra (clone): () closed w.r.t.:
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De�nition of a relational clone
using the language of PAL
(Peircean Algebraic Logic)
C.S.Peirce1890. . . ,
R.W. Burch1991,
F. Dau 2000+. . .

m-ary relation%as relation graph:
2

3

%m

1
3

m

1
2

Q � RA relational algebra (clone): () closed w.r.t.:

12

im
3

� (2)
� (3)

� (i )
� (m)

� (1)

permuting coordinates

12

im2
3

12

im1
3

2
3

i

m1

1

m1+ i

m1+ 1

m1+ m2

m1+ 2

direct product

12

m i
j

3

1 2
3

j � 1

m� 2

j + 1

connecting with deletion

Q contains theteridentity id3 := f (x; x; x) j x 2 Ag

3

1

2
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logical operations and relational algebras (clones)

other characterization of relational clones and Galois closures
' (x1; : : : ; xm ) �rst order formula containing quantifyers and connectivesfrom �
only (with relation symbols%1; : : : ; %n and free variablesx1; : : : ; xm ).

Logical operation2 LopA(� ) on Rel(A):
L' (%1; : : : ; %n) := f (a1; : : : ; am) j j= ' (a1; : : : ; am)g

Q relational algebra() Q closed w.r.t. LopA(9; ^ ; = )g
Galois connection Inv� Pol

Theorem: [Q]RA = Inv PolQ

Q weak Krasner algebra() Q closed w.r.t. LopA(9; ^ ; _ ; = )g
Galois connection Inv� End

Theorem: [Q]WKA = Inv EndQ

Q Krasner algebra() Q closed w.r.t. LopA(9; ^ ; _ ; : ; = )g
Galois connection Inv� Aut

Theorem: [Q]KA = Inv AutQ
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Answer to Problem 3
Answer to the problems

Problem 3
Let

A := f 0; 1; 2; 3g

G := f e; gg := f (0); (03)(12)g � S4 (permutation group)

L := f � 0; � ; � 0; � 1g (lattice of equivalence relations onA)

� 0

�0

32

1

� 0; � 1 trivial equivalence relations

Does there exists an algebra
A = hA; Fi

such that

G = Aut A (automorphism group)

L = ConA (congruence lattice)

?

Problem:
(*) 9F : G = Aut F; L = ConF ?
Answer:No.
Proof:
(*) () F . Q := f g� ; �; � 0g
w.l.o.g. F = PolQ. Then
InvF = Inv PolQ = Thm: [Q]RA

and we have:

G� = ( Aut F) � = S�
A \ InvF = S�

A \ [Q]RA

L = ConF = Eq(A) \ InvF = Eq(A) \ [Q]RA

in contradiction to9h� 2 S�
A \ [Q]RA : h 62G

namelyh� := L' (�; � 0; g� )

= f (x; y) 2 A2 j 9z : x� z ^ zg� y ^ x� 0y
| {z }

'

g

i.e. h =( 02)(13) 62G

� � 0

g
yz

x
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Answer to Problem 4
Some problems THE Galois connection Pol � Inv Clones and algebras The lattice of clones Completeness r esults Answer to the problems

Problem 4

How to recognize whether

Aut� 1 � Aut � 2 (*)

for graphs� 1 = ( V ; E1), � 2 = ( V ; E2) ?
e.g.

7

2

56

8 3

4

1

7

2

56

8 3

4

1

= � 2� 1 =

How to constructall graphs� 2 = ( V ; E2) satisfying (*) ?

Concrete answer for example:
YES!

E2 = ( E1 � E1) n � V , i.e.
E2 = L' (E1) = f (x; y) j 9z :

xE1z ^ zE1y ^ : (x= y)
| {z }

'

g

=) Aut � 1 � Aut � 2.
General answer:

Aut � 1 = Aut E1 � Aut E2 = Aut � 2

() Inv AutE1 � Inv AutE2

() [E1]KA � [E2]KA (by Theorem)

() 9 �rst order formula ' 2 �( 9; ^ ; _ ; : ; =) : E2 = L' (E1)
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Specializing and generalizing the Galois connectionPol � Inv
E � Op(A), R � Rel(A) �! Galois connection given by context(E; R; . ):

instead of PolQ � Inv F

now: (E \ PolQ) � (R\ InvF)
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Specializing and generalizingPol � Inv (continued)

From point of relational clones there
are many further Galois connections
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clones of term operations, free algebras, varieties

Main source of clones: Take algebraA = hA; (fi ) i 2 I i
clone of term operations(F := f fi j i 2 Ig)

T (A) := f t A j t term for signatureAg = hFi Op(A)

clone of a varietyV : T (FV (@0)) (clone of free algebra)

Theorem
V := Var(A). Free algebra with n generators= algebra of n-ary
term operations:

FV (n) �= Tn(A) = hen
1 ; : : : ; en

n i AAn � AAn

Remark:%2 Inv(n) F () %� An i.e. %2 Sub(An)

B 2 Var(A) HSP-Thm() 9 %2 Inv(1 ) F : B is homomorphic image of%

aa



Some problems THE Galois connection Clones and algebras The lattice of clones Completeness CSP Open problems

Dyadicview to (classes of) algebras

Question:Under which conditions algebras of a classK (e.g.
variety) are determined by theirn-ary invariant relations?

A1 = hA; F1i ; A2 = hA; F2i 2 K ,
Inv(n) F1 = Inv(n) F2 =) A1 = A2 ? or T (A1) = T (A2) ?

Examples

� K := abelian groups:
Inv(3) F1 = Inv(3) F2 =) A1 = A2

� K := groups with abelian Sylow subgroups:
Inv(3) F1 = Inv(3) F2 =) T (A1) = T (A2)
(K. Kearnes, A. Szendrei2005)

� K := entropic algebras (i.e.F . F � ) with weak unit:
Inv(3) F1 = Inv(3) F2 =) T (A1) = T (A2) = T (monoid)
(D. Ma²ulovi¢, R. Pöschel2007)
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Algebras with few subpowers

J. Berman, P. Idziak, P. Markovi¢, R. McKenzie, M. Valeriote, R.
Willard, Varieties with few subalgebras of powers. (2006)

A = hA; Fi algebra with few subpowers: ()
sA (n) := logj Inv(n) Fj can be bounded by a polynomial

Theorem
A �nite algebra A has few subpowers if and only if for some k> 0,
A has a k-edge term (then sA is bounded by a polynomial of
degree k).

close connections to CSP (later)
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The latticeL A of clones onA
The lattice L A of all clones on base setA = f 0; 1g is countable
(E.L.Post1921/41)
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The latticeL A of clones onA

jAj > 2: The lattice of all clones on base setA is uncountable
jL A j = 2@0 for 3 � j Aj 2 N, and jL A j = 22j A j

for in�nite A

The lattice L A satis�es no nontrivial lattice identities
(A. Bulatov 1992,...)

every algebraic lattice (with at most 2jAj compact elements) is
(isomorphic to) a complete sublattice ofL A (M. Pinsker)

atomic and coatomic for �niteA,
but not for in�nite A (M. Goldstern, Shelah2002)

L A can be partinioned inmonoidal intervals(clones with the same
unary part)
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The latticeL A of clones onA

maximal clones

minimal clones
J(A)

Op(A)

L A
F = PolQ

F0 = PolQ0

dyadic view

Q = InvF

Q0 = InvF0

L �
A

Rel(A)

D(A)

Pol Inv
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The latticeL A of clones onA

maximal clones

minimal clones
J(A)

Op(A)

L A
F = PolQ

F0 = PolQ0

Maximal clones:
jAj = 2: E.L. Post
jAj = 3: S.V. Jablonski(1958)
jAj = 4: A.I. Mal'cev (� 1969)
jAj 2 N: I.G. Rosenberg(1970)
(of form Pol%i , i 2 I )
jAj in�nite: I.G. Rosenberg,
L. Heindorf, M. Goldstern, M.
Pinskera, ...
submaximal clones:D. Lau
maximal clonesC where
C \ Sym(A) is maximal permu-
tation group in Sym(A):
P.P. Pálfy (2007)

aGoldstern/Pinsker,A survey
of clones on in�nite sets. 2007
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The latticeL A of clones onA

maximal clones

minimal clones
J(A)

Op(A)

L A
F = PolQ

F0 = PolQ0

Minimal clones: complete de-
scription still open problem
jAj = 2: E.L. Post (1920/41)
jAj = 3: B. Csákány(1983)
classi�cation: I.G. Rosenberg
(1983)
further partial results:G. Czédli,
A. Szendrei, K. Kearnes, P.P.
Pálfy, L. Szabo, B. Szszepara, T.
Waldhauser,...
essentially minimal clones:I.G.
Rosenberg, H. Machida, ...
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Completeness and maximal clones

F � Op(A) complete: () h Fi Op(A) = Op(A)
(i.e., the algebrahA; Fi is primal, =) A �nite)

Completeness Theorem:
hFi = Op(A) () F is not contained in

a maximal clone
m m

InvF = DA

InvF does not con-
tain a minimal rela-
tional clone

()
%i =2 InvF for every
minimal relational
clone[%i ]RA (i 2 I )

() 8i 2 I9fi 2 F : fi 6.%i

maximal clones are of the form Pol%i (i 2 I )

for relations %i described byI. Rosenberg
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Answer to Problem 2

Problem 2: Can one rep-
resent every Boolean function

f : f 0; 1gn ! f 0; 1g
as composition of the function
t (x; y; z) := if x = ythen zelsex
(where substituting constants is
allowed)?

() F = f t ; c0; c1g complete ?
AnswerYes.
direct proof:

x ^ y = t (x; 1; y)

: x = t (0; x; 1)

Proof using the general completeness criterion:
5 maximal clones in Op(f 0; 1g): Pol%i i 2 f 0; 1; 2; 3; 4g
%0 := f 0g; %1 := f 1g; %2 := f (x; y) j x � yg;
%3 := f (x; y) j x = : yg; %4 := f (x; y; z; u) j x � y = z � ug
F := f t ; c0; c1g6. %i : c16. %0, c06. %1, c06. %3, t 6. %2; %4:

t (0 0 1) = 1
t (0 1 1) = 0
2 %2 2 %2 2 %2 =2 %2

t (0 0 1) = 1
t (0 1 0) = 0
t (0 1 1) = 0
t (0 0 0) = 0
2 %4 2 %4 2 %4 =2 %4
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Computational complexity of CSP (cf. Problem 5)

Theorem (P. Jeavons1998). � 1; � 2 � Rel(A) �nite.

� 1 � Inv Pol� 2 =) CSP(� 1) can be reduced to CSP(� 2) in poly-
nomial time.

Some problems THE Galois connection Pol � Inv Clones and algebras The lattice of clones Completeness results Answer to the problems

Problem 5

What can be said about the computational complexity of

Constraint Satisfaction Problems (CSP)

� set of (�nitary) relations on adomainD.

General (algebraic) de�nition of CSP:

CSP(�) := set of problems of the form

Does there exist a relational homomorphism
(V ; �) ! (D; � 0)

(between relational systems of the same type) where� 0 � � ?

Special CSP:
GRAPH COLORABILITY, GRAPH ISOMORPHISM,
SATISFIABILITY (SAT)

aa

in particular
compl(CSP(�)) = compl(CSP([�] RA))
dependsonly on the clone Pol� .

large�  ! small Pol�
=) Problem:
Classify minimal clonesF, for which
CSP(InvF) is tractable?
Jeavons, Bulatov, Krokhin, ...
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Computational complexity of CSP (cf. Problem 5)

Theorem (P. Jeavons1998). � 1; � 2 � Rel(A) �nite.

� 1 � Inv Pol� 2 =) CSP(� 1) can be reduced to CSP(� 2) in poly-
nomial time.
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Problem 5

What can be said about the computational complexity of

Constraint Satisfaction Problems (CSP)

� set of (�nitary) relations on adomainD.

General (algebraic) de�nition of CSP:

CSP(�) := set of problems of the form

Does there exist a relational homomorphism
(V ; �) ! (D; � 0)

(between relational systems of the same type) where� 0 � � ?

Special CSP:
GRAPH COLORABILITY, GRAPH ISOMORPHISM,
SATISFIABILITY (SAT)

aa

another (algebraic) approach:
P. Idziak, P. Markovi¢, R. McKenzie, M.
Valeriote, R. Willard, Tractability and
learnability arising from algebras with
few subpowers. (2007)

Theorem
For a �nite algebraA = hA; Fi with
few subpowers,CSP(InvF) is globally
tractable.
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to be investigated:

� modi�ed Galois connections (change �objects� and �attributes�)

� clone lattice (e.g. minimal clones, intervals, . . . )

� dyadic view to algebraic constructions:
Inv(construction(Fi ) i 2 I ) = which construction(InvFi ) i 2 I ?
Pol(construction(Qi ) i 2 I ) = which construction(PolQi ) i 2 I ?
e.g. relational view to tame congruence theory

� algorithmic problems (e.g.f . %, free algebras, CSP)
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50+25ArbeitstagungAllgemeineAlgebra with Rudolf Wille
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Congratulation

Dear Rudolf, on behalf of all
participants and the whole
�AAA-community� many
thanks for all what you did for
the development of algebra,
congratulations to your70th
birthday today; good health
and further success and all
the best for the future.

Lieber Rudolf, im Namen aller Tagungsteilnehmer und der ganzen
AAA-Community sage ich Dir Dank für alles, was Du für die
Entwicklung der Algebra getan hast, gratuliere ganz herzlich zu
Deinem heutigen70. Geburtstagund wünsche Dir Gesundheit,
Scha�enskraft und alles Gute für die nächstenn Jahre(n 2 N)
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70 yearsRudolf Wille= (50+ 25)� AAA
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THE book of Formal Concept Analysis
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aa



Some problems THE Galois connection Clones and algebras The lattice of clones Completeness CSP Open problems

Some books about clones

R. Pöschel
L.A. Kaluºnin (1979) A. Szendrei(1986) D. Lau (2006)
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