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Introduction

The time evolution of the state of a gas which is contained
in a vessel bounded by so0lid walls is determined on the one hand
by the behaviour of the gas molecules at collisions with each
other, on the other hand by the influence of the walls as well
as by external forces. Let us assume that a gas is to be
described consisting of only one kind of molecules, and that
there are no external forces. Let D = f)(:IR3 denote the set
describing the interior of the vessel. If we describe the state
of the gas at time t by a density £(%) on the phase space
DxIRB, f(t):DX]RB-ﬁP[O,G» (where a point (x,%) stands for a
particle at xe€D with velocity zeIRS), then certain
assumptions lead to the result that f:[O,oo)xDx]RB—v[O,oo)

should satisfy the Boltzmann equation,
$x£(t,x,8) = -ggrad, £(t,x,%) + J(£(t,x,-))(¥) (BE)

(xeD, TeR’ , te[o,m) ). (For the Boltzmann equation we refer
to [13], [19], [62] and the literature quoted there.) Since this
equation is only responsible for the time evolution of the gas
in the interior of the vessel, it has to be supplemented by
boundary conditions. These must prescribe what should happen to
a particle hitting the wall of the vessel. Intuitively, the
"streaming term" -¥-grad f in (BE) is responsible for the
motion for the particles between collisions, whereas the
"collision term" J(f(t,x,-)), which is formally bilinear,

describes the mechanism of collisions.
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The fact that £(t) should describe a density suggests to
require that f(t) is an element of L1(DxIR3) for all t=0.
Following this line one may try to treat (BE) as an evolution

equation (abstract Boltzmann equation)
f'' = Tf + J(£f) (ABE)

in L1CDxV). Experience shows that such an equation can often
be treated successfully by first solving the linear equation
f' = Pf, and then looking for mild solutions of the nonlinear
equation. The author has carried out this program for (ABE) in
[64], on the one hand in a more general setting, on the other
hand requiring continuity assumptions for the collision term
which are not justified for the unmodified Boltzmann equation.
The general setting in [64] is given by a measure space «l,A,WJ,
fer which (ABE) is treated in L1(HJ . The conditions on T and
J(-) are posed in abstract form. The aim is not only to solve
the initial value problem for (ABE), but also to prove the
H-theorem. One starting point of the present paper was the
question posed in [64, Example 4.2(iv)], how boundary conditions
can be posed for the case of a gas in a vessel, described
initially, and which properties the boundary conditions must
have if T is to satisfy the conditions posed in [64}.

Thus, in this treatise we are going to discuss the linear

equation
et (t,x,%) = -3-grad, £(t,x,%), (IE)

supplemented by a boundary condition, as an evolution equation

in L1(Dx]R3). The theory of strongly continuous semigroups of
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linear operators on a Banach space will be an essential tool in
this discussion. Generalizing, we shall assume D = bc r® (for
some nelN), and we shall replace the velocity space R by

a subset VCIRn\{O}, V locally compact in the induced topol-
08y, on which a Borel measure W is given. (We exclude {0} as

a velocity in order to avoid trivial but bothersome cases.
Intuitively, particles at rest do not hit the boundary, and
therefore do not contribute to the phenomena which are of
interest for us. For the situation considered initially, the
exclusion of the null set {Ol is of no importance.) By this
generalization we also subsume discrete velocity models (cf.
[11] and the literature quoted there), and the multigroup model
used in the theory of neutron transport (cf. for example [36]).
In the first case, V is a finite set, and W the counting
measure. In the second case, V consists of spheres with center
O, and W is the surface measure.

According to the preceding discussion, the solutions of (LE)
may be interpreted as the time evolution of distributions of
particles which, in the interior of D, move on straight lines
and have no collisions. Such a collisionless gas is also called
Knudsen gas in the literature (cf. [13, p.431, [38]). We shall
refer repeatedly to this intuitive interpretation, without using
it, of course, in proofs.

We now are going to mention a second problem of importance
which leads to the above equation (LE). Letus consider N elastic
balls of radius r > 0, moving in a box D1 = ﬁ1CLIR3, without
external forces. If we denote the centers of the balls by

X1,...,XN€JR3, then the set of possible arrangements for which



no ball touches the wall, or anather ball, is described by

D = {(x1,...,XN)eD1N; dist(xj,CD1) >r (j=1,...,N), ‘xj-xil
> 2r (3#1, dpi=1,..,0)}. If x = (x',..., ) eDC BN is
given, with corresponding velocities ¥ = (21,...,iN)6]R3N,
then for these initial conditions the orbit +t+=(x+ t¥,E) is
obtained, for those t+ in an interval around +t = O for which
x+ty €D holds. If one assumes that the initial values are not
given precisely, but rather by a distribution function foé;
L1(Dx]R3N), then, in the interior of D and for small times,
one obtains the distribution f(t)(x,E) = fo(x-tz,z). Thus,
formally the function f satisfies the Liouville equation (LE)
(ef. [13, I.3, (3.7), p.11]). Now one may ask whether (LE),
together with suitable boundary conditions, has (unique)
solutions. In this case one is forced to consider a set D which

is not convex.

Next, we are going to describe the contents of the treatise,
and at the same time we shall include some historical remarks.

In Section 1 we associate with the differential expression
--'E-gradX a minimal operator Tm and a maximal operator TM in
LpCDxV), for 1£€p<w. We characterize those strongly continuous
semigroups whose generator T satisfies Tm<: T C.TM.

In Section 2 we give a precise description of the domain of
the maximal operator. It turns out that the elements of D(TM)
are locally absolutely continuous on almost all orbits (this
notion will be defined in Section 2), and that Ty acts as a
directional derivative. (A similar property for functions in

Sobolev spaces is well established,) In the existing literature

we did not find such a description of the domain of TM e (In
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[19, p.104] it is proposed to take for D(TM) functions which
are "absolutely continuous with respect to x" , where XeDC‘.IE{3
is a 3-dimensional variable. This notion, however, is neither
explained in [19], nor is it introduced in the mathematical
literature.) The domain of a restriction To of TM, an
operator which is of importance in the theory of neutron trans-
port, has been discussed to some extent; for this we refer to
Remark 2.12.

In Section 3 we prove the Gauss integral theorem for elements
of D(TM) . In particular we show that elements fe&D(TM) have

traces B+f on the parts
(3DxV), := {(x,2)€ dDxV; z-v(x) Z 0}

of the boundary. ( v(x) is the normal to 8D at xedD which
points into the interior of D, and the boundary is assumed to
be sufficiently regular.) On anV;_'we consider the measures
u, = {2-v(x)|6XxW, where & is th-e surface measure on D,
Tie Gauss integral theorem (Theorem 3.5) then says that, if
f&D(Ty) is such that B feL,(3DXV ), then B_feL,(aDxV_) ,
and

§ m.faxaw = [ B.fau - B_f d
Dxv M DXV, e amgv_ - Tt

hold. In this connection it should be noted that, for general
feD(TM) , one only has BifeL‘l,loc(anvi) (Lemma 3.4). (It is
in this context of the Gauss integral theorem that our
description of D(TM) in Section 2 becomes of importance.)
Furthermore it is shown that each element ¢ eL1 (anV+) can be
extended to suitable elements i'eIKTM) ("extended" means

B+f = ?). It must be mentioned that the boundary operators B+,
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the spaces L1(BDxV;), and the extension operators which we just
mentioned have alre;éy been used in the existing literature; cf.
[35] for an L,~treatment, and [56], [23], [24], [19, PP.97-106]
for Lz—treatments in a slightly different but related context
(the latter being only partly comparable with our treatment).
We have to point out, however, that in none of the mentioned
papers (nor in any other paper we know of) a mathematically
satisfactory treatment of the existence of boundary values for
functions in D(TM) is given. To be more precise, this question
is not even touched upon. The same is true for the existence of
extensions of functions tpelﬂ(bDXV+). Furthermore, the Gauss
integral theorem is used in [56, P.9%4, (14)], [ﬁ9, p.102,
(4.8-17)] in a naive way, which would definitely need justifi-
cation: Besides the fact that no mention is made of the problem
of the existence of the boundary values, the problem that these
boundary values might not be integrable is not considered as
well. The author acknowledges that, in spite of their incomplete-
ness, the mentioned papers have been stimulating for him.

In Section 4 we start studying boundary conditions. A boundary
condition is defined to be a continuous linear operator
K:L1(3DXV;)-—>L1(5DXV;) , and with K we associate the linear

operator TK,m t= TMID(TK,m) ,
D(Tg o) i= {ten(n); Bi_feL1(beVi_) , B,f = KB_r}.

We develop the theory mainly for boundary conditions X 2 O,
IXf = 1. For a boundary condition with these properties, T m

-
has always an extension TK which is the generator of a strongly

continuous semigroup of positive contractions on L1(DXV7 . The
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question whether TE:; is already a generator (and therefore
equal to TK) turns out to be of importance with respect to mass
conservation (Corollary 4.7); the answer is not positive, in
general, as is shown by examples. The idea to define a boundary
condition as an operator as above is taken from [23], [19, PD.

97 - 106].
X,m
In Section 6 we apply the previous results to known boundary

In Section 5 we prove criteria for the validity of = T

K°
conditions of the kinetic theory of gases, among others to
specular reflection and Maxwell's boundary condition.

In Section 7 we draw conclusions for mass and energy conserva-
tion, by applying the previous results to two different measures
on V. Also, the conditiomns (U1), (U2) of [64] are discussed.

In Section 8 we step out of the context assumed otherwise in
this treatise. We investigate the relations between the behaviour
of (relative) entropy and fixed points for certain positive
operators on L1-spaces. These results are used to discuss the
technical conditions (U3), (U4) of [64] in relation to (U5).

In Section 9, the results of Section 8 are applied in the
context assumed in this treatise.

In Section 10 we mention some problems.

The first ideas for this treatise go back to the years
1976/77. It was at this time that, in the "Oberseminar" of Prof.
Dr. J. Batt, the foundations of the theory of the Boltzmann
equation were treated.

I would like to thank Prof. Dr. J. Batt for encouragement,
constant interest, valuable suggestions, and criticism.

I also would like to thank Dr. P. Dierolf for his permanent
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readiness to discuss mathematical questions of any kind.

Further I would like to thank Prof. Dr. W. Greenberg and
Prof. Dr. P. F. Zweifel, owing to whose initiative I had the
possibility to spend the academic year 1978/79 at the Department
of Mathematics and the Laboratory for Transport Theory and
Mathematical Physics, Virginia Polytechnic Institute and State
University, Blacksburg, Virginia, USA, where I obtained ideas
concerning several of the problems treated here.

Finally I thank Dr. H. Spohn for suggesting Theorem 8.1

as well as for several discussions.



0. Preliminaries and notations

0.1. Measure theory

For a 6-algebra 4 on a set Q, a measure M oon (Q,d) will
always be a positive measure ( M(A) 2 0 for all Ae€d). Other-
wise we use the notation signed measure.

Let (Q,4,m) be a measure space. For 1 £ p £ ®, we denote
by Lp((u) = LP(S).) = LP(.Q.,(W) always the extended IR-valued
Lp((u) = Lp(p;IR); thus, Lp(p-) is a Banach space over R. If we
calculate with an element feLp(M) we always assume that f
itself is already an A-measurable function f:Q.—» {—oo,oo—_] = ﬁ,
representing its equivalence class. In particular we note that
we do not complete 4 with respect to m. (Let (.»4*,“*) be the
completion of (4,m). If f:0-»R is A¥-measurable, then there
exists an A-measurable function g:)L—+TR such that f = g
holds M-almost everywhere; cf. [53, 7.12, Lemma 1, p.145]. This
implies in particular that for each Lebesgue measurable function
ftIR"—*T +there exists a Borel measurable function g such
that f = g almost everywhere.)

As a preparation for a remark concerning the Fubini theorem
we define, for an A-measurable function £:Q — TR,

ff*d(u - (7 an (e R) i el (W), or £ e L (W),
f£apm -
0 otherwise.

With regard to the application in the Fubini theorem, this

definition implies: If (Qi’“"i’(b‘i) , i=1,2, are 6-finite

measure spaces, and f:Q,lx.Qz—-)ﬁ is (J1X¢42)-measurab1e, then



the function given by Q1 x> jf(x,l ,Xz) dyz(xz) is
aﬁ-measurable. This is an immediate consequence of [53, Thm 7.8
(a), p.140], if one splits f into its positive and negative
part.

Let & be a locally compact space. Then a Borel
measure Mm is a measure defined on the 6-algebra of Borel sub-
sets of QL (= 6-algebra generated by the open sets). We shall
call m locally integrable if for each xefX) there exists an
open neighbourhood U such that pM(U)< @ (or equivalently, if
WEK) < ® for all compact K<)).

In this case, if we say that a function f:Q —IR 1is
measurable, we always mean that it is Borel measurable. (The
advantage of this definition is the following: If S11, Q, are
locally compact spaces, and M:Q.]—;Qz is continuous, then o
is measurable. If f:Q'Z'_' R is measurable, then feox is alse
measurable.)

By A we shall denote the Lebesgue~-Borel measure on :mﬁ,
i.e. the restriction of the Lebesgue measure to the Borel sets

of B®. For n=1 we shall mostly write N = \ .

0.2. Strongly continuous semigroups on real Banach spaces

The Banach spaces considered in this treatise will always be
Lp—spaces, and as such they will be Banach spaces over R,
according to our agreement in the previous section. On the other
hand, we want to use the theory of strongly continuous semigroups
of linear operators in a Banach space. Much to our surprise we
found out that in all the references for the facts which we need

the Banach space is assumed to be complex. This is particularly



deplorable because for all the subsequently stated real versions
of known theorems the known proofs can be used almost literally.
For the Hille-Yosida theorem we shall find this kind of reference
tolerable; for the Trotter-Kato theorem, however, we feel that
such a remark would be slightly too vague. Therefore we shall
derive the real versions from the complex ones by complexi=-
fication.

In the following, let (&,]:|) be a real Banach space. If,

on the complexification EC = E® iE of E, we define
Ix + iy[(C t= sup{“(cos )x + (sine)y“;o £f = 21r}

(x,y€E), then (EC’“'“G) is a complex Banach space (cf. [54,
App., §1, p.261]). Moreover, the natural embedding of E into
E0 is isometric.

For a linear operator T in E (D(T) C E) we define the

complexification TC by
D(Tw) := D(T) + iD(T) ,
Tm(x-biy) 1= Tx + iTy.

Then T® is C€-linear. We note several facts without indicating
the easy proofs.
(1) If P 4is closed, then Tg 1is closed.

(2) If T is bounded, then T is bounded, and “T“ = ﬂTc“.

C
(3) e(T) = ¢(Tg)NR, and for Ne¢(T) the equality

(A - 1)1 = ((A - 7)), holds. (Here we note that ¢(T) is

defined in an analogous way as for operators in complex Banach

spaces; cf. [44, III.4, p.74].)

(4) If A,Be 3(E) (= algebra of bounded operators with domain






